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Introduction. -Over the past decades substantial efforts have been made in order to predict the cross-section of bound electrons in insulators and semiconductors [1] [2] [3] [4] [5] [6] [7] . Defects or impurities are responsible for the existence of metastable levels in the forbidden band gap. The understanding about the behaviour of trapped charges to produce phenomena such as thermally or optically stimulated transitions is still an open field of research, and might be an extremely important information to allow the design of new optical devices [8] .
When such suitable materials are submitted to highenergy radiation (X-rays, γ-rays, β-particles), there is the possibility of electronic migration from the valence band, leaving a hole close to the valence band, for metastable energy levels in the band gap. These metastable levels can have different activation energy (E i ) and may be classified as shallow, intermediate or deep energy states [9, 10] . Under the action of electromagnetic perturbation, there is the probability of a captured electron to be promoted (a) E-mail: heveson@hotmail.com to the conduction band and, subsequently, it recombines with a hole, emitting a luminescent signal.
One of the first theoretical work proposed to describe this behaviour was developed by Lucovsky [3] . His model makes use of a δ-function potential to get the donor wave function, and a plane-wave function to describe the electron in the conduction band. This procedure is carried out in the electric dipole approximation, so as to obtain an expression to the photoionization cross-section (PCS). This model described well only deep metastable levels, because it takes into account only short-range Coulomb effects.
Posteriorly, others theoretical models have been developed with the goal of improving the predictions of the Lucovsky model. Such models are very similar, since all of them make use of modified δ-function potentials to obtain the wave functions of the metastable levels [2, 4, 11] .
More recently, Sali et al. [6] have proposed a model to calculate the PCS of semiconductor materials. This is an anisotropic hydrogenic model associated with electronphonon coupling, and a comparison between the effects of 33002-p1 H. Lima et al.
isotropy and anisotropy of the effective mass is taken into account.
In this work the trapped electron is described by a threedimensional isotropic harmonic oscillator and the electron in the conduction band is described by a plane wave. The PCS expression is then obtained considering all multipoles terms in the Hamiltonian. In the related literature, only the electric dipole approximation has been used [2] [3] [4] 6] .
The PCS has been quoted as one of the most important physical quantities to understand the electronic transitions in such metastable states containing media. The practical importance of this topic can be well depicted, for example, in radiation measurement procedures, in which optically stimulated luminescence (OSL) is used. This technique has been extensively applied to different stimulation approaches [12] , and to dosimetric purposes, the continuous (CW-OSL) and pulsed (POSL) procedures are the most common. In the present work, the model is applied to predict the PCS of the Al 2 O 3 :C and Lu 2 SiO 5 :Ce crystals, both materials are very well studied by different techniques [13] [14] [15] [16] .
Theory. -By using the time-dependent perturbation theory, and considering that the radiation field which interacts with the trapped electrons is semi-classical and linearly polarized, the probability of the electron to be promoted to the conduction band is described by the PCS, which is a function of the photon energy and is given by [17] 
where ω is the angular frequency of the incident electromagnetic radiation, E i is the activation energy of the donor impurity level, E n is the energy of the final state, m * is the electron effective mass, p is the electron linear moment vector,ê andn are the polarization and propagation directions, respectively. |ψ 0 and |n are wave functions of the impurity ground state and the continuum final state, respectively. n|e i(ω/c)(n·x)ê ·p|ψ 0 is the transition matrix element and ρ(E n ) is the final density of states.
In order to obtain the PCS one needs to analyse the form of the initial and the final wave functions. As the electron moves almost freely in the conduction band, we consider |n approximately as a plane wave. The plane-wave function used in several theoretical PCS calculations is given as follows:
where L 3 is the volume of the system, and k is the wave vector of the electron. From the energy conservation, one has
When an electron is captured, it occupies a metastable state, and clearly it is not its state of maximum equilibrium. Thus, the electron oscillates with an angular frequency, ω 0 , which depends on the phonon vibrations in the crystal lattice. In this way, we can consider the donor impurity wave function, approximately, as the ground state of a three-dimensional isotropic harmonic oscillator of angular frequency ω 0 .T h u s ,|ψ 0 is given by
where x is three-dimensional vector in the Cartesian space.
We need now to calculate ρ(E n ), the final density of states in the conduction band. For this, it is convenient to use the box normalization convention, of side L,forthe plane-wave states. Thus, ρ(E n ) within a solid angle dΩ is given by
Rewriting eq. (1), limited by the solid angle, we get the differential photoionization cross-section as follows:
For simplicity the transition matrix element is calculated separately as follows, using the p operator as −ih∇:
Integrating by parts, and knowing thatn⊥ê, and making the following transformation of variables,
eq. (7) is rewritten as follows:
Solving eq. (9) in Cartesian coordinates, it can be rewritten as follows:
where
Similarly, we can write I y and I z ,w i t hx→y, z and q x →q y ,q z . By using the method of quadrature, we can solve eq. (11) as follows:
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Photoionization cross-section of isotropic defects or impurity centers in isolators Rewriting eq. (10), and calculating the quadratic modulus of I, we get the following expression:
Introducing the polar coordinates system, we write eq. (13) in terms of polar coordinates, θ and φ, using the following expression:
and
Thus, the photoionization differential cross-section given in (6) can be rewritten as follows:
where γ(ω)=2khω/m * ω 0 c. Note that eq. (16) depends on the polar coordinates (θ, φ). Using the well-known element of the solid angle to solve the angular part in (16), we obtain
Thus, we get an expression for the PCS, which describes the probability of an electron to be promoted to the conduction band and, subsequently, to be recombined with a hole, through the stimulus of the electromagnetic radiation with energyhω.
Application to the OSL. -Al 2 O 3 :C. In recent works researchers have observed the presence of localized trapping states, giving rise to luminescent signals, distributed in energy levels between 1.9 eV and 2.5 eV [15, 16] . These results are obtained by using a set of different techniques such as thermoluminescence (TL), optically stimulated luminescence (OSL) and thermally stimulated conductivity (TSC), and parametric models based in rate equations, which have been very used also to describe activation energies in several materials.
Equation (17) was obtained by first principles. It depends on some physical quantities, which are electron effective mass, activation energy, phonon frequency, and one variable, the frequency of the electromagnetic radiation. The stimulus used in OSL is, generally, in the green frequency (526 nm) [15] . The phonon frequency in aluminate materials is of the order of 10 13 Hz [18] . The electron effective mass has been calculated to the Al 2 O 3 by using density functional theory to be 0.40 m 0 [19] , and experimental results have suggested m * in the range 0.22 m 0 -0.42 m 0 for amorphous alumina film, where m 0 is the electron mass [20] . Although this value is for Al 2 O 3 ,i ti sb e i n g used, approximately, for the predictions of Al 2 O 3 :C, because the carbon concentration is very small.
In order to analyse the behaviour of eq. (17), we plotted the PCS as a function of hν, for three different activation energies (namely, E i =1.9eV, 2.2eV and 2.4eV) and three different electron effective mass (namely, 0.22 m 0 , 0.32 m 0 ,0 . 4 2m 0 , figs. 1, 2 and 3, respectively). Note that in fig. 2 for E i =1.9 eV there is one maximum about 1.99 eV which corresponds to the maximum probability of the electron to be excited to the conduction band, and subsequently, recombined in a recombination center emitting one photon. As the activation energy increases, the maximum of photoionization cross-section is shifted to higher photon energies, which is to be expected due to energy conservation and obeying Fermi's golden rule. Figures 1,  2 and 3 show that the maximum of the PCS decreases with increasing m * . However, the energy used in OSL is around 526 nm, which is 2.35 eV.
For the sake of comparison, recent works have shown that the PCS in the same range are distributed over a range from 3.3×10 −24 m 2 to 1.5×10 −22 m 2 using stimulation at 2.35 eV [15, 16] . Hence, this behaviour is predicted in our model, although it is not the maximum probability. Thus, eq. (17) shows good agreement with the available results.
Lu 2 SiO 5 :Ce. The crystalline cerium doped lutetium orthosilicates (Lu 2 SiO 5 :Ce, LSO:Ce) is a well-known fast efficient scintillator material. In the past years, its properties also have been widely studied for application in radiation sensors [21] . Several techniques, including TL and OSL, are largely used in order to identify the presence of traps as well as their influence on the optical properties.
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H. Lima et al. In recent works researchers have observed the presence of localized trapping states, giving rise to luminescent signals, distributed in shallow and deep energy levels between 0.74 eV and 1.75 eV [13, 22, 23] . The deep traps (about 1.35 and 1.75 eV) are responsible for the most intense TL peaks.
On the other hand, the blue light stimulation (470 nm) was used to obtain the OSL decay curve of this material. The phonon frequency for the LSO:Ce has been estimated to be of the order of 10 13 Hz through Raman spectra [24] , and the method of analysis by deconvolution of the TL signal also has estimated the frequency factor of the order of 10 13 Hz for deep traps [23] . The electron effective mass was calculated by using density functional theory to be 0.545 m 0 [25] .
In order to analyse the behaviour of eq. (17), we have plotted in fig. 4 the PCS as a function of the radiation energy, for three different activation energies (E i = 1.35 eV, 1.5 eV and 1.75 eV) in the range of deep traps. For each activation energy there is one maximum about 1.5 eV, 1.75 eV and 2 eV, which corresponds to a maximum probability of the electron to be excited to the conduction band, and subsequently, may recombine with a hole in a recombination center emitting one photon. The maximum of the PCS decreases and shifts to higher energies with increasing E i .
For the sake of comparison, ref. [21] has the PCS, which has been obtained by simulation procedures, in the same E i range from 1.9×10 −22 m 2 to 6.9×10 −21 m 2 using stimulation at 2.63 eV, which corresponds to the blue. Hence, this behaviour is predicted in our model, although it is not the maximum probability.
Conclusions. -In summary, we have obtained a general analytical expression for the photoionization crosssection of electrons in trapped levels of insulators and semiconductors. This expression was obtained by using the donor impurity wave function as the ground state of a three-dimensional isotropic harmonic oscillator and a plane-wave function for the electron in the conduction band, considering all multipoles terms in the Hamiltonian, and that the radiation field which interacts with captured electrons is semi-classical and linearly polarized. The increasing effective mass plays a role in decreasing the magnitude of the PCS. The model was applied to the Al 2 O 3 :C and LSO:Ce systems. The predictions are in good agreement with the available data, and should be satisfactory in future applications in several media.
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